MULTI-HYPERSUBSTITUTIONS AND COLORED 
SOLID VARIETIES 



K. DENECKE, J. KOPPITZ, SL. SHTRAKOV 

Abstract. Hypersubstitutions are mappings which map opera- 
tion symbols to terms. Terms can be visuaHzed by trees. Hy- 
persubstitutions can be extended to mappings defined on sets of 
trees. The nodes of the trees, describing terms, are labeUed by 
operation symbols and by colors, i.e. certain positive integers. We 
are interested in mappings which map differently colored operation 
symbols to different terms. In this paper we extend the theory of 
hypersubstitutions and solid varieties to multi-hypersubstitutions 
and colored solid varieties. We develop the interconnections be- 
tween such colored terms and multi-hypersubstitutions and the 
equational theory of Universal Algebra. The collection of all vari- 
eties of a given type forms a complete lattice which is very complex 
and difficult to study; multi-hypersubstitutions and colored solid 
varieties offer a new method to study complete sublattices of this 
lattice. 



1. Introduction 

Let X = {xi, . . . , Xn, ■ ■ ■} be a countably infinite set of variables, let 
Xn = {xi, . . . ,Xn} be a finite set and let {fi)i(zi be a set of operation 
symbols where fi is nj— ary. The sequence r := {ni)i^j is called a type. 
In the usual way from variables and operation symbols we build up 
the set Wr{X) of all terms of type r. An algebra A = {A; {fi^)iei) oi 
type r is a pair consisting of a set A and an indexed set of operations 
defined on A. We denote by Alg^r) the class of all algebras of type 
r. If s,t G Wr{X), then the pair s ~ t is called an identity in the 
algebra A, if the term operations s"^ and t'^ induced by the terms s 
and t on the algebra A are equal. In this case we write A\= s ^ t. The 
binary relation |= C Alg{T) x Wr{Xy gives rise to a Galois connection 
{Id, Mod) between the power sets of Alg^r) and Wr{Xy, where Id and 
Mod are defined for K C Alg{T) and E C WriX)"^ by 

IdK := {s^t\yAe K {A^ t)}, 
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ModE := {A\Ws iA\= s ^ t)}. 

As a Galois connection, {Id, Mod) has the properties: 

Si C S2 ^ ModSs C ModSi, KiCK2^ IdK2 C IdKi, 

E C IdModJ:, K C ModldK. 

From these properties of the Galois connection {Id, Mod) we obtain 
that the fix points with respect to the closure operators 

IdMod ■ V{Wr{X)'^) V{Wr{X)'^) 

and 

Modid : V{Alg{T)) V{Alg{T)) 
form complete lattices 

C{t):={K\K (Z Alg{T) and ModldK = K} 

S{t) := {S I S C Wr{X)^ and IdModT. = S} 

of all varieties of type r and of all equational theories of type r. These 
lattices are dually isomorphic. 

Our next goal is to introduce two new closure operators on our sets 
Alg{T) and Wr{X)^ which give us complete sub lattices of our two lat- 
tices C{t) and S{t). The new operators are based on the concept of 
hypersatisfaction of an identity by a variety. We begin with the defi- 
nition of a hypersubstitution. A complete study of hypersubstitutions 
may be found in [2]. 

A hypersubstitution of type r is a map which associates to every 
operation symbol fi a term <7{fi) of type r, of the same arity as /j. 
Any hypersubstitution a can be uniquely extended to a map a on the 
set Wr{X) of all terms of type r as follows: 

(i) If t = Xj for some j > 1, then a[t] = xj; 

(ii) if t = fi{ti, . . . ,tni) for some nj-ary operation symbol /, and 
some terms ti,. . . ,tn,, then cr[t] = (r{fi){cr[ti], . . . ,a[t„J). 

Here the right side of (ii) means the composition of the term (j{fi) and 
the terms . . . , (3"[t„J- 

We can define a binary operation on the set Hyp{T) of all hy- 
persubstitutions of type r, by taking ai Oh 02 to be the hypersubsti- 
tution which maps each fundamental operation symbol to the term 
o\\o2{fi)\ That is, 

0"! o/i (72 := 0"! o 0-2, 
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where o denotes the ordinary composition of functions. The operation 
is associative. The identity hypersubstitution a^d which maps every 
fi to /j(,xi, . . . , x„J is an identity element for this operation. Then 
Hypir) := {Hyp{T);oh,aid) is a monoid. 

Definition 1.1. Let M. be any submonoid of Tiypij). An algebra A is 
said to M-hypersatisfy an identity -u ^ f if for every hypersubstitution 
a G M, the identity a[u] ~ a[v\ holds in A. In this case we say that 
the identity m ~ v is an M -hyperidentity of A and we write A J= 

M-hyp 

u ^ V. For M = Hyp^r) we write A \= u ^ v. 

hyp 

An identity is called an M-hyperidentity of a variety V if it holds as 
an M-hyperidcntity in every algebra in V . A variety V is called M- 
solid if every identity of V is an M-hypcridcntity of V. When M is the 
whole monoid Hyp{T), an M-hyperidentity is called a hyperidentity, 
and an M-solid variety is called a solid variety. 

Let M. be any submonoid of 'Hyp{T). Since M contains the identity 
hypersubstitution, any M-hyperidentity of a variety V is an identity 
of V. This means that the relation of M-hypersatisfaction, defined 
between Algi^r) and Wr{Xy, is a subrelation of the relation of satis- 
faction from which we induced our Galois-connection {Id, Mod) . The 
new Galois-connection induced by the relation of M-hypersatisfaction 
is called {HuMod, Huld) and is defined on classes K and sets E as 
follows: 

HmMK = 

{s^t e WriXy I s t is an M - hyperidentity of A for all A e K}, 

HMModE = 

{A e Alg{T) I all identities in E are M — hyperidentities of A}. 

The Galois-closed classes of algebras under this connection are the M- 
solid varieties of type r, which form a complete sublattice of the lattice 
of all varieties of type r. Thus studying M-solid and solid varieties is 
a way to study complete sublattices of the lattice of all varieties of a 
given type. 

We now introduce some closure operators on the two sets Alg^r) and 
Wr{Xy. For equations we define 

xZ[u ^ v] := {a[u] ^ a[v] \ aeM}. 



For any set E of identities we set 
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Hypersubstitutions can also be applied to algebras, as follows. Given 
an algebra A = {A; {ff-)i^j) and a liypersubstitution a, we define the 

algebra a{A) = (A; (/f^-^)),^/): = (A; This algebra is 

called the derived algebra determined by A and a. Notice that by 
definition it is of the same type as the algebra A. Now we define an 
operator Xm '^^ set Alg^r), first on individual algebras and then 
on classes K of algebras, by 

xi[A] = {a[A] I a e M}, 

and 

If M = Hypij) the operators are denoted by x^ and x^ ■ 

Let r be a fixed type and let ^A be any submonoid of TCyp^r). The 
two operators Xm Xm closure operators and are connected by 
the condition 

satisfies u ^ v iS A satisfies XmI"^ ~ "^l- 
The following propositions are also obvious (see [Ij or fS]). 
Theorem 1.2. Let K C Alg^r) and S C Wr{X). Then there holds 
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M-solid varieties can be characterized by the following theorem: 

Theorem 1.3. Let M. he a monoid of hypersubstitutions of type t. 
For any variety V of type r, the following conditions are equivalent: 
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(i) V 

(ii) xiAV] 

(iii) IdV 

(iv) xlAldV] 



HMModHMldV, 
V, 

HuIdV, 
IdV. 



And dually, for any equational theory S of type r, the following con- 
ditions are equivalent: 

(i') S = HMldHMModE, 

(ii') xun = 

(iii') ModE = HuMod'L, 
(iv') xiiWodT] = ModE. 

■ 

A variety which satisfies the condition (i) is called an M- hyperequa- 
tional class. 

The subrelation 1= of |= satisfies the following condition: 

M-hyp 

\JK C Alg{T) VS C W^{Xf {{HMModT. = K A HMldK = S) ^ 
ModT. = K A IdK = T). 

Such subrelations are called Galois-closed. The Galois connections 
induced by Galois-closed subrelations of a given relation generate com- 
plete sublattices of the complete lattices generated by the Galois con- 
nection induced by that given relation Moreover we have the fol- 
lowing result. 

Theorem 1.4. Let Ai be a monoid of hypersuhstitutions of type r. 
Then the class Sm{t) of all M -solid varieties of type r forms a complete 
suhlattice of the lattice C{t) of all varieties of type r. Dually, the class 
of all M -hyperequational theories forms a complete suhlattice of the 
lattice of all equational theories of type t. □ 

When Ail and are both submonoids of Tiypir) and M.i is a sub- 
monoid of then the corresponding complete lattices satisfy Sm2{t) 
C 5mi(t). As a special case, for any M. C Hypi^r) we see that the lat- 
tice iS(r) of all solid varieties of type r is always a suhlattice of the 
lattice iSAf(r). At the other extreme, for the smallest possible sub- 
monoid Ai = {(Jid} the corresponding lattice of M-solid varieties is the 
whole lattice C{t) of all varieties of type r. Thus we obtain a range of 
complete sublattices of C{t) to S{t). 

Our aim is to transfer this theory to another kind of hypersubstitu- 
tion and to colored terms. 
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2. MULTI-HYPERSUBSTITUTIONS AND COLORATIONS OF TERMS 

In a term a certain operation symbol may occur more than once. 
To distinguish between the different occurrences of the same operation 
symbol we assign to each occurrence of any operation symbol a color. 

Representing a term by a tree, we get a vertex-colored graph. To ap- 
ply different hypcrsubstitutions to the same operation symbol, if it is 
differently colored, we define the concept of a multi-hypersubstitution. 

Definition 2.1. A map p from N into Hypij) is called a multi- hy- 
per substitution. Let Hyp^ be the set of all multi-hypersubstitutions. 

To distinguish between different occurrences of the same operation 
symbol in a term t we assign to each operation symbol in t an address 
in t, i.e. an element of a given set. Usually adresses are sequences of 
natural numbers. Let add{t) be the set of all addresses of the term t. 
Wc introduce the concept of a coloration to allow that equal operation 
symbols at different places are considered differently. On the other 
hand, a coloration allows that equal operation symbols with different 
addresses are equally colored. A coloration of a type r is defined in the 
following way. 

Definition 2.2. Any mapping at from add{t), t E Wr{X) \ X, into 
N is called a coloration of the term t. Wc denote by C{t) the set of 
all colorations of the term t. A set C C [J{C(r) | r e with 
|C(r) nC\ = l for all r e Wr{X) \X is called a coloration of Wr{X). 

Using colorations, multi- hypcrsubstitutions can be extended to map- 
pings defined on terms. In a first step we extend multi- hypcrsubstitu- 
tions to mappings from the set Sub{t) of all subterms of a given term 
t to the set of terms. 

Definition 2.3. Let C be a coloration of Wr{X), t e Wr{X) with the 
coloration a e C, s e Sub{t), and let p be a multi-hypersubstitution. 

(i) If s G X then pc,t[^] '■= s- 

(ii) If s = . . . , s„J with i E I and Si, . . . , s„. £ Sub{t), where 
fi has the address a in t then 



Using the mappings pc,t[t] '■ Sub{t) —>■ Wr{X) for terms t e Wr{X) we 
can extend multi-hypersubstitutions to mappings defined on terms. 
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Definition 2.4. Let C be a coloration of Wr{X) and a G C be the 
coloration of a term t e Wt{X). Then for a multi-hypersubstitution p 
we put pc[t\ := PcM- 

The following example shows that the composition of two multi- hyper- 
substitutions does not be a multi- hypersubstitution. For this we con- 
sider the type r = (2), the terms s = f{y, f{y, x)) and t — f{f{x, y),y) 
withe the following coloration C: 

at{a) = for all a G add(t); 

as{q) = 0, where s is the address of the leftmost / in s; 
as{a) = 1 for all a G add{s), a ^ q. 

Let p G Hyp{T)^ be a multi-hypersubstitution with p(0) = Cyx and 

p{a) = aid for a G N\ {0}. Then we have 'pc[t] = s and 'pc[t] = 
f{f{y,x),y). Since all operation symbols in t have the same color, we 
can not find a multi-hypersubstitution which provides f{f{y,x),y) by 
application on t. 

If all addresses of a term have the same color, then a multi- hyper- 
substitution can be replaced on that term by one of its components, 
i.e. by an ordinary hypersubstitution as the following lemma shows. 

Lemma 2.5. Let C be a coloration ofWr{X), p G Hyp{T)^, and t G 
Wr{X) such that there is an n & N with a* (a) = n for all a G add{t). 

Then pc[t\ = p{n)[t]. 

Proof: Since pc[t] = Pc,t[A show by induction that p{n)[s] :— Pc,t[s] 
for each s G Sub(t). If s G X then P(7,Js] = s = p{n)[s]. 

Let s = /i(si, . . . , s„.) and suppose that pc,t[^j] = for 1 < J < 

Hi then 

Pc,t[/i(si,---,SnJ] 

= p{at{a)){f,){ pctlsi], pcAsm]) 
{a denotes the address of fi in t) 

= P{<^M)){fi){p{n)[si], p{n)[sni]) 
(by the hypothesis) 

= P(n){fi){p{n)[si\, 

= p{n)[fi{si,...,Sn,)]. ■ 
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3. Colored solid Varieties 

Using multi-hypersubstitutions we define operators corresponding to 
Xm, Xm of the introduction and apply these operators to sets of equa- 
tions and to classes of algebras. 

Definition 3.1. Let C be a coloration of Wr{X) and E C Wr{Xf. 
Then we put Xcl^] {Pc-M ~ Pc[v] \ u ^ v ^ T,, p G Hyp{r)^} = 
x'An- For n G N, we put x^^'P] := x'dlx'cTm Let xgP] := 
[JixTin I n G N}. 

For any set S C WriX^ we have Xc[S] = E iff Xcl^] = ^- Indeed, 
If Xci^] — ^ then it is easy to see that Xc"[^] ~ ^ all n G N 
and thus Xcl^] ~ ^- Conversely, if Xci^] ~ ^ then Xcl^] — XcP] 
provides Xci^] — ^- Since ptd G Hyp^r)^ we have S C and 
altogether, — ^■ 

Definition 3.2. Let C be a coloration of Wr{X) and let K be a variety 
of type T. V is called C — colored solid if IdV = Xci-^d.V]. 

Example 3.3. We consider the following example of a C-colored va- 
riety of type r = (2). Let RB = Mod{x{yz) ^ {xy)z ^ xz,x^ ~ x} be 
the variety of rectangular bands. It is well-known that RB is solid (see 
e.g. [6]). The set IdRB of all identities satisfied in RB is the set of 
all equations s ~ t such that the first variable of s agrees with the first 
variable of t and the last variable of s agrees with the last variable of 
t. For t G W(^2){X) such that t starts and ends with the same variable 
we define at : add{t) N with at{a) = 1 for all a G add{t) and if t 
starts and ends with different variables, then we define at (a) = 2 for all 
a G add(t). Let s ~ t G IdRB and let p be a multi-hypersubstitution. 
Then it is easy to see that pc[s] ~ PcM ^ IdRB using solidity. 

Definition 3.4. Let C be a coloration of Wr{X), let p G Hyp{T)^ and 
let A = {A; {ff')iizj) be an algebra of type r. Then we define: 
p[A] := {A- (/f'-^l),,,) where ff^^ = pclM^u ■ ■ • ,a:„J]^ for z G /. 

Definition 3.5. Let C be a coloration of Wr{X) and K he a class 
of algebras of type r. Then we put Xcl-^] {p[^] \ A E K, p G 
Hypirf}. 

It is easy to check that Xc Xc have the properties of a completely 
additive closure operator. From Lemma \3M below will follow that a C- 
colored solid variety is solid. Our new closure operators are connected 
with the operators defined in the Introduction. 

Lemma 3.6. Let C be a coloration ofWr{X). Then 
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(i) x'^m C xgp] for each S C Wr{Xf . 
ill) x^[K\ = X^[K\ for each K C Alg{T). 

Proof: (i) XcP] ^ XciA we have to show that x^[E] C Xc[S]. 
Let (T e Hyp{T). Then we consider the multi-hypersubstitution p e 
Hypir)^ with p(a) = a for all a e N. If t e Wr{X) then we will check 
that a[t] = pc[t]. Since pc[t] = Pc,t[A show that d[s] := pc,t[s] for 
each s e Sub{t) by induction on the complexity of the term s. 
li s & X then a[s] — s = Pc,t[^]- 

Assume that s = fi{si, . . . , s„J with i E I and si, . . . , s„ . G Sub(t) 
and suppose inductively that ^[sfe] = Pc^t[sfe] for 1 < /c < rij. Then for 
a suitable a e N we have 

pc,M = P{a){fi){pc,t[si], Pc,tM) 

= ■ ■ ■ > ^KJ) = ■ ■ ■ > Sm)]. 

(ii) Let ^ e For i e 7 let Oj be the color of /j in the fundamental 
term fi{xi, . . . 

Let p G Hypi^r)^. Then we consider the hypersubstitution cr G 
Hypir) with cr(/i) = p{ai){fi) for i G / and have 

= a(/,)(xi,...,x„J-^ = (j(/i)-^. 

This shows that Xci-^] ^ 

Let (7 G Hypij). Then we consider the multi-hypersubstitution p G 
Hyp{T)^ with p(a) = cr for all a G N. Now we have 

This shows that x^[^] C Xcf'^l- Altogether we have Xci^] = X'^f-^] 
and thus x^[i^]=X^[i^]. ■ 

Using the operators Xc ^^"^ Xc define two new relations between 
Alg{T) and Wr{X)\ 

Definition 3.7. Let C be a coloration of Wt{X). Then we put 
Ri := {{A, s^t) \Ae Alg{T), s^te WriXy, Xci^ ~ ^] ^ IdA }; 
R2 -.^ {{A, s ^ t) \Ae Alg{T), sf^te Wr{Xf, s a; t g Idxc[A] }; 
CModJ: := { ^ I { ^ } X E C for E C Wr(Xf; 
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CIdK := {s^t \ K X { s ^t} C R^} ioT K C Alg^r). 

Because of Lemma [3l6] (ii) the relation R2 agrees with the relation |= . 

hyp 

Since |= is a Galois closed subrelation of |=, the relation R2 has the 

hyp 

same property. Since we are more interested in Ri, we ask whether 
Ri is a Galois closed subrelation of |=. At first we have the following 
property: 

Proposition 3.8. Let C be a coloration of Wr{X). Then Ri is a 
subrelation of \= such that for K C Alg(r) and all S C Wr{XY the 
following holds: If H = CIdK and K = CModTj then K = ModTj. 

Proof: At first we show that -Ri is a subrelation of |=. For this let 
(.4, s '^t) G -Ri . Then Xc [-^ ~ ^] ^ IdA and s t e IdA since Xc is a 
closure operator. Thus {A, s ~ t) G |=. 

Now we show that S = Since Xc a closure operator, we 

haveSCxgp]. 

Conversely let u ~ f G Then there is an s ~ t G E with 

u^ve xEh ~ i-e- xE[u ^v]C xElxEls ~ ^]] ^ xEl^ ~ From 
s ^ t G S = CIdK it follows Xci^ ~ ^] ^ IdK and ^ v] C Xc[s ~ 
t] C IdK, i.e. u ^ V E CIdK. This shows — ^- Now we have 

Modi: = {A\Ae Alg{T), S C IdA } 

= {A\Ae Alg{r), xEin ^ IdA } 
= CModE 
= K. 

m 

To obtain a characterization of colored solid varieties we check at first 
the conditions of Theorem 11.21 for M-solid varieties. 

Lemma 3.9. Let C be a coloration ofWr{X), let S C Wr{X)'^, and 
let K be a class of algebras of type t. Then 

xEin^IdK^xEin^Idx^iK]. 

Proof: Because of K C Xc[K] Idxc[K] C IdK we get ^ 
Idx^[K] xEin ^ IdK. 

By Lemma [3l6] (i) and the definition of the closure operators Xc 
we have x^P] = xEixEl^] ^ x'^ixEin] ^ xgP], i.e. x^P] = 

x^ixEm 
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Consequently we have 

xm c idK x'^ixEin] ^ xEin ^ idx^m, 

since (x^jX^) is a conjugate pair. Then by Lemma \3M XcP] — 
Idx^[K]. m 

As a consequence we have 

CModS = {A\Ae Algir) and XcP] ^ Idxci-^]}- (*) 

Now we prove that the sets of the form CIdK and CModT, are closed 
under the operators Xc Xc^ respectively. 

Lemma 3.10. Let C be a coloration ofWr{X). 

(i) For K C Alg(r) there holds xE[CIdK] = CIdK. 

(ii) For S C Wr{Xf there holds Xc[CModE] = CModE. 

Proof: (i) Clearly, CIdK C xEi^^dK]. Let u ^ v E Xci^IdK]. Then 
there is an equation s ^ t E CIdK with u ^ v E Xci^ ^ A- Since Xc 
is a closure operator we have XcN ^ v] <Z XciXci^ ~ ^]] = Xcf-^ ~ 
From s ^ t e CIdK it follows Xcl-^ ~ ^] ^ IdK. Then Xc['" ~ ^ 
Jd/r, thus u^vE CIdK. 

(ii) Clearly, CModT. C XcP^odS]. Let ^ G Xc[<^^odE]. Then 
there is a S G CModT. such that ^ G XcW\- This implies Xc[-4] ^ 
X^\XcW\] = XcW\ and /rfxc[^] ^ ^^^Xcl-^]. From i3 G CModT. it fol- 
lows Xc[S] C /rfxcf-S] by (*). Thus XcP] C Jrfxcl-^] and ^ G CModT. 
by (*). This shows that Xci^^ModL] C CModE. m 

Because of i?i C |=, we have CModT, C ModT, and CIdK C Jdi^ 
for all sets E C Vr^(X)2 and for all K G Algir). 

The following example shows that Ri is not a Galois closed subre- 
lation of |=. We consider the set of all identities of the greatest solid 
variety Vhs '■= Mod{xi{x2X3) ~ {xiX2)x3,xl ~ , a;ia;2a;ia;3XiX2a;i ~ 
X1X2X3X2X1, xfx'^xs ~ xlx2xlx2X3, Xix^xf ~ xiX2xlx2xl} of Semigroups 
(0). 

Example 3.11. Let r = (2) and let / be the binary operation symbol. 
Then there is a coloration C of 14^(2) (X) such that Ri is not a Galois- 
closed subrelation of |=. We will show that there is a set S of equations 
with 

S = CldVns and Vhs = CMod^ ^ S = IdVns- 
We put s := f {f {x, x) , f {f {x, x) , f {x, x))) and : add{s) — > N with 
Q;s(a) = 1 for all a G add{s). 
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We set ^ := {{s^t\t e W^2){X) \ {s} } U {t ^ s \ t e W^2){X) \ 
{s} }) n MVhs and S := IdVns \ ^• 

For if: G W(^2){X) \ {s} we define at : add(t) — > N with at{a) = for 
all a G add{t). 

This gives us a coloration C of H^(2)(X). 

If t G 1^(2) (X) \ {s} then for p G Hyp{2)^ holds p[t] = p(0)[t] by 
Lemma 12.51 

As a consequence we have (together with Lemma I3.6p Xc [®] ~ [©] 
for each set C 14^(2) (X)^. Since is a closure operator, we have the 
idempotence propertyand it is easy to check that Xc"[^] ~ X^[^] for 
all neN. This shows that XcP] = X^l^- 

Hence CMorfS = {^|{^}xSCi?i} = {^|^G Alg{r), XcP] C 
Jrf^ } = { ^ I ^ G A/^(r), x^P] C Jd^ } = Vhs since V^s is defined 
by the hyperidentity f{f{x, y),z)^ /(x, f{y, z)). 

Further we have CldVus = {r ^ t | Vhs x{r^t}Ci?i} 
= {r^t\ r^te Wr{Xf, XcV IdYns] 
= {r^t\ r^te MVhs, XcV ~ ^] ^ MYhs] 

= {r^t| r^tGS, x^[r t] C JdV^/s'} U{r?=it| r ^ t e 

= SU{r^t| r^tG\I', Xcf'^ ~ i^] ^ IdVns} (since V^^ is solid ) 
= S U0 

since the multi-hypersubstitution p G Hyp{2)^ with p(0) = (Ja;j^ and 
p(a) = for a G N\ {0} provides pc[s] = x and pc?[t] = t for 
t G 1^(2) (X) \ {s}, where s ~ t G IdVns implies t x, i.e. pcM ~ 
pd[t] i MVhs. 

Finally, because of f{x,x) ~ s G MVhs \ S we have MVhs 7^ 

Proposition 3.12. The pair (xc'Xc) ^■^ general not a conjugate pair 
of completely additive closure operators. 

Proof: Assume that (xc^Xc) forms a conjugate pair of completely 
additive closure operators. Then for all A G Alg{T) and all s ~ t G 
Wr{Xy there holds s ^ t e Mxc[A] iff Xci^ ^ t] C MA. In par- 
ticular, -Ri = R2- But R2 is a Galois-closed subrelation of |= and we 
showed in Example 13.111 that -Ri is not Galois-closed. Thus Ri and R2 
are different, a contradiction to Ri = R2- ■ 

Since the proof of the four equivalent characterizations of M-solid va- 
rieties uses this property we cannot expect to have the same situation. 
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Proposition 3.13. Let C he a coloration ofWr{X), K C Alg{T) and 
^(ZWr{Xf. Then there holds 

(i) CModT, = ModxEm, 

(ii) CIdK C Idxc[K], but the converse inclusion is in general not 
true. 

Proof: (i) There holds 

A G CModE ^ xEl^] ^ IdA ^ Ae ModxclA- 
(ii) Let u ^ V e CIdK. Then Xci"^ ^ v] C IdK and Xci^ v] 
Idxc [K] by Lemma 13.91 Now we have m ~ f G Xc ["^ ~ "^1 — ^^Xc [K] ■ 
Altogether this shows that CIdK C Idxcl^]- 

In order to show that the converse direction is in general not true we 
consider the type (2) and the coloration C of W^2){X) from Example 
13.111 Moreover let S C WriX)"^ be as given in Example 13.111 Then we 
have CldVus = ^ 7^ IdVns = Idx'^lVns] = Idxc[VHs], since we have 
Vhs = X^'IVhs] {Vhs is solid) and x^[Vhs] = XcIVhs] (LemmalM]). ■ 

Proposition 3.14. Let C be a coloration ofWr{X), K C Alg{T) and 
S C Wr{X)^. Then there holds: 

(i) Xc['^dCMod'S\ D IdCModTj, but the converse inclusion is in 
general not true, 

(ii) XcWodCIdK] = ModCIdK. 

Proof: (i) The inclusion is clear, since Xc ^ closure operator. 
In order to show that the converse direction is in general not true we 
consider the type (2) and the coloration C of W(2){X) from Exam- 
ple KTT\ Moreover let S C WriXf and s G W(^2)iX) be as given 
in Example 13.111 and p G IIyp{r)^ be defined by p(0) = and 
p(a) = ctj: for a G N \ {0}. Then we get s ~ f{x,x) G IdVns and 
thus pc[s\ ^ pc[f{x,x)] G Xcl^dVus], i-e. x ^ g Xc[IdVHs\- 
Because of x ~ ^ IdVns we obtain Xci^dVns] 7^ IdVns, i-e. 
Xc[IdCModT] ^ IdCModT. since Vhs = CModll. 
(ii) Clearly, ModCIdK C XcWodCIdK]. 

For the converse inclusion let A G Xc[-^'^dCIdK]. Then there is a 
B G ModCIdK with A G XcW\- We want to show that CIdK C IdA. 
For this let m ~ f G CIdK, i.e. XcV^ v] C IdK. Since Xc i^ ^ closure 
operator we have XciXcb^ ~ "^l] — ^dK and thus Xcb^ ^ v] <^ CIdK. 
Since B G ModCIdK we have then ^ t;] C Jc/S. Lemma 13.91 

shows that then XcN ~ "f^] ^ Idxc[l3]- Moreover A G Xc'['^] implies 
Idxci^] ^ -^c?-^- Altogether we have m ?a t; G XcN ~ "^1 — -^'^Xcl'^] — 
IdA. Consequently, CIdK C IdA. 
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Finally, CIdK C IdA means A G ModCIdK . Altogether this shows 
the converse inclusion Xcl-^'^^^-^'^-^] — ModCIdK . ■ 

Proposition 3.15. Let C he a coloration ofWr{X), K C Alg(r) and 
S C Wr{Xf. Then there holds: 

(i) ModIdxc[K] C CModCIdK , hut the converse inclusion is in 
general not true; 

(ii) CldCModTj C IdModxc[^]> ^'^^ converse inclusion is in 
general not true. 

Proof: (i) We have 

ModldxciK] C ModCIdK by Proposition EIS] (ii) 
= ModxclCIdK] by Lemma [Slini(i) 
= CModCIdK by Proposition Els] (i). 
In order to show that the converse direction is in general not true we 
consider the type r = (2). Further let (3 : Wr{X) — > N be a bijection. 
(Such a bijection exists since Wr{X) is countable.) For t e W(^2){X) 
we define at : add{t) — > N with at{a) = P{t) for all a G add{t). Then 
C := {at I t e W{2){X) } is a coloration of W(2){X). 
Let u ^ V & Wr{XY- If "U = f then obviously Xcf"^ v] {w ^ 
w \ w & W(2){.X)} C IdVus- If u V and -u, f G X then we get 
~ = {m ~ f } 2 IdVns- li u ^ V and u ^ X then I3{u) ^ l3{v) 
and we may consider the multi-hypersubstitution p G IIyp{2)^ with 
p{[3{u)) = (y,j.y and p{[3{v)) = a^- Then pc[u] = u and pcb] = ^'^ where 
r is the first letter in v. Thus pcM ~ ?>cW\ 4- ^dVns, i-e- Xcb^ ^ v] <^ 
IdVns- If u V and v ^ X then we get Xcb^ ~ ^ IdVns in the dual 
manner. Altogether we have CldVus = {w ^ w \ w ^ W{2){,X)} and 
consequently, CModCIdVns = Mod{w ^w\we W(2){X)} = Alg{2) 
by Lemma [3.101 (i) and Proposition 13.131 (i). 
On the other hand we have 

ModldxciVHs] = Modldx^'iVHs] = ModldVns = Vhs 
by Lemma 3.6 and since Vhs is solid. This shows that 

ModIdxc[VHs\ + CModCIdVus- 

(ii) We have 

CIdCModT. C IdxciCModT] = IdCModT. = IdModxci^ 

by Proposition 13.131 (ii). Lemma [3. 101 (ii) and Proposition 13.131 (i). 
In order to show that the converse direction is in general not true we 
consider the type (2) and the coloration C of W(2){X) from Example 
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13.111 Moreover let E C Wr{Xy be defined as in Example 13.111 Then 
we have CIdCModT, = CMVhs = 

On the other hand we have IdModxcm = IdCModT. = IdVns ^ 
by Proposition [313] (i). Consequently, CIdCModT. ^ IdModxc^]- ■ 

4. C-COLORED HYPEREQUATIONAL THEORIES 

Definition 4.1. Let S be an equational theory of type r. Then E is 
said to be a C-colored hyperequational theory if CModT = ModT. 

C-colored hyperequational theories can be characterized in the same 
way as usual hyperequational theories: 

Theorem 4.2. Let S G S{t). Then the following statements are equiv- 
alent: 

(i) CModT = ModT. 

(ii) S = CIdCModT. 

(iii) T = xE P]. 

(iv) CIdModT = S. 

Proof: (i) =^ (ii): Since CIdCMod is a closure operator we have S C 
CIdCModT. Conversely, CIdCModT C IdCModT = IdModT = T. 

(ii) =^ (iii): Clearly, T C Xc [^]- Conversely, let m ~ w G Xc [^] ~ 
Xc [CIdCModT] (because of (ii)). Then there is an s ~ t G CIdCModT 
with u ^ V & Xc [ -s ~ t] . Because of s ~ t G CIdCModT we have Xc 
[ s ^ t] C IdCModT. With 

:= CModT and C/rfK = CIdCModT = T 

by Proposition [31] we get K = ModT. Thus IdCModT = IdModT = 
T since T G ^^(t). Altogether we have 

u^v e xE[s ~ ^ IdCModT = T. 

This shows that XcP] — ^• 

(iii) =^ (i): CModT C Mods is clear. Conversely, let A G ModT. 
Then S C Jd^. Because of (iii) we have then Xc [^] — ^d-^^ 

A G CModT. This shows that MorfE C CModT. 

(i) -v^ (iv): Suppose that C IdModT = T. Then we put 

K := CModCIdModT. 

Now we have 

CModT = CModCIdModT = K 

and 

CIdK = CIdCModCIdModT = CIdModT 
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(since {CId,CMod) is a Galois-connection). By Proposition 13.81 we get 
K = ModE, i.e. CModCIdModE = ModE, CModE = ModE and S 
is a C-colored hyperequational theory. 

Suppose that S is a C-colored hyperequational theory. We use that 
E = IdModE D CldModE. Now let m ^ w G S. Assume that u ^ 
V ^ CIdModTj. Then Xc[ ~ "^1 2 IdModH and in particular there 
is an ^ G ModT, with Xcl'^ ^ v] ^ IdA. Since E is a C-colored 
hyperequational theory we have ModT, = CModT, i.e. A G CModT 
and Xc[^] — ^dA. Because of m f G S we have XcN ~ "w] C Xc[^] 
and thus Xcb^ ?a C IdA, a contradiction. Consequently, u ^ v ^ 
CldModL. This shows that S C CIdModT. m 

When S is a C- colored hyperequational theory, then ModT = 
Xc[ModT]. To see this, suppose that ModT ^ x^[Mo(iS], then 
ModT 7^ x^\ModT}^ by Lemma 13. 6[ i.e. ModT is not solid. Then 
there is an ^ G ModT with x^ [S] ^ /rf^. Because of C [S] 

we have Xc [^] 2 ^^^-^^ i-e- ^ ^ CModT contradicts CModT = ModT. 

The following example shows that the converse is not true, i.e. C- 
colored hyperequational theories cannot be characterized by the con- 
dition ModT = Xc[ModT]. 

Example 4.3. Let r = (2). We use the coloration C from Exam- 
ple I3.11[ Further we take T := IdVns- Then we have ModldVns = 
Vhs = X'^f^s]; since Vhs is solid. By Lemma [3^6] we have Vhs = Xc 
[Vhs] = X^ [ModldVHs]. 

Now we show that CModldVns 7^ Vhs = ModldYns- Actually we 
will show that CModldVns ^ B, where B denotes the variety of bands. 
We consider the term s and the hypersubstitution p from Example 
13.111 and note that the application of p to the identity s ~ f{x,x) G 
IdVns provides the idempotent law. Thus x ~ G [^dVns]- 
Let A G CModldVns- Then Xc [^^Vhs] ^ IdA, and in particular 
X ^ G IdA, i.e. AeB. 

5. Characterizations of colored solid varieties 

In Section [3] colored solid varieties V were defined by the property 
IdV = Xcl-^d-V]. We get the following characterization: 

Theorem 5.1. Let C be a coloration ofWr{X) and V be a variety of 
type T. Then the following statements (i)-(iii) are equivalent: 

(i) CModldV = V. 

(ii) IdV = CIdV. 
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(iii) xE[IdV]=IdV. 

Further, each of the statements (i)-(iii) implies both V = CModCIdV 
and Xc\^] ~ ^ > converse implications are in general not true. 

Proof: (i)^(ii) Suppose that CModldV = V. Then IdV is a 
C-colored hyperequational theory, i.e. ModldV = CModldV and 
CIdCModldV = IdV. Thus CIdV = IdV, i.e. V is C-colored sohd. 

(ii) ^(iii) Since Xc ^ closure operator we have IdV C Xc [IdV]. 
Conversely, let m ~ f G Xc [^d^]- Then there is an s ~ t G IdV with 
u ^ V e Xci ^ ^ '^]- Fi'oin s «i t G IdV it follows that s ^ t e CIdV 
by (ii), i.e. Xc [ ^ ^ A — IdV . Altogether we have m ~ f G IdV . This 
shows that Xci^dV] C IdV. 

(iii) =^(i) IdV is an equational theory. Thus we can use Theorem 
lO and from IdV = Xc VdV\ it follows that CModldV = ModldV 
and IdV = CIdCModldV. This gives 

IdV = CIdCModldV = CIdModldV = CIdV. 

Moreover we have 

V C CModCIdV = CModldV = ModldV = V. 

This shows that V = CModldV . 

Suppose that IdV = CIdV. We show that V = CModCIdV. First 
we have that V C CModCIdV since CModCId is a closure operator. 
Conversely we get that CModldV C ModldV = V. Using IdV = 
CIdV one obtains CModCIdV C V. 

Now we show that V = Xci^]- Assume that V ^ Xcl^]- Then 
V ^ x^V\ by Lemma [Ml i.e. V is not sohd and x^VdV\ ^ IdV. 
Because of x^\IdV\ C Xc^dV] we have that Xc\IdV\ % IdV. This 
shows that IdV ^ CIdV , contradicting IdV = CIdV. 

Finally we prove that the opposite implication is not satisfied. Let 
T = (2). Then there are a coloration C of W(^2){X), a variety V of type 
(2) with V = CModCIdV and V = Xci^] such that CIdV ^ IdV. In- 
deed, we take the coloration C and the set S from the proof of Example 
13.111 There we have shown that CMorfS = Vhs and CldVus = S. So 
we have Vhs = CModT, = CModCIdVus- On the other hand there 
holds Vhs = X^[Vhs] since Vhs is solid. Thus Vhs = XcI^hs] by 
Lemma \3M Moreover there holds CldVns = ^ 7^ IdVns- ■ 

C-colored hyperequational theories also have the following proper- 
ties. 
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Proposition 5.2. Let C he a coloration ofW^-iX) and S he an equa- 
tional theory. If IdCModT, = S then T, is a C -colored hyperequational 
theory. The converse direction is not true. 

Proof: Suppose that IdCModE = S. Clearly, S C CldCModE. Let 
u ^ V e CldCModH. Then XcV^ ^ t;] C IdCModE, i.e. u ^ v e 
Xc\u ^ t;] C IdCModE = S and m ^ w e S. This shows CMC Modi: C 
S. Altogether we have S = CIdCModT,. By Theorem 14.21 we have 
CModl2 = ModTi, i.e. S is a C-colored hyperequational theory. 

In order to show that the converse direction is not true we con- 
sider the type (2) and the coloration C of 14^(2) (X) from Example 13.111 
Moreover let S C WriX)^ be defined as in Example 13.111 Then we 
have S = CldVns = CIdCModTi, i.e. E is a C-colored hyperequational 
theory. But there holds IdCModT. = IdVns 7^ S. ■ 

Proposition 5.3. Let C he a coloration of Wr{X) and K he a class 
of algehras of type r. Then ModCIdK = CModCIdK . 

Proof: We have CModCIdK = {A \ A e Alg(r), Xc[CIdK] C 
IdA } = {A\Ae Alg(r), CIdK C IdA } = ModCIdK by Lemma 
3.10 (i). ■ 

6. Examples 

For a variety to be C-colored solid, it must satisfy all identities obtained 
by applying all multi-hypersubstitutions to all identities of the variety. 
This can be difficult to verify. In the hyperidentity case, if we want to 
check whether a variety of the form V = ModT, is solid, we have to 
apply the hypersubstitutions only to the set E. This is based on the 
following theorem: 

Theorem 6.1. ^ Let K C Alg(r) and S C Wr{Xf and let M C 
Tiypir) he a suhmonoid. Then the following holds: 

(i) C IdModE ^ IdModE = HMldHMModT.. 

(ii) C IdModE ^ XuildModY] C IdModE. 

(iii) Xm[K] C ModldK ^ ModldK = HMModHMldK. 

(iv) Xm[K] C ModldK xiiWodldK] C ModldK. 

For multi-hypersubstitutions and colored terms we have: 

Theorem 6.2. Let K C Alg(r), let C he a coloration ofWr{X) and 
S C Wr{XY . Then the following holds: 

(i) Xci^ ^ IdModT. ^ IdModT. D CIdCModT.. 

(ii) Xci^] ^ IdModT. ^ Xci^dModT] C IdModT.. 

(iii) Xc[K] ^ ModldK ^ ModldK = CModCIdK. 
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(iv) Xc[K] ^ ModldK XcWodldK] C ModldK. 
The converse implications are in general not satisfied. 

Proof: (i): Suppose that X^i^] — IdModTj. Then we have 

CIdCModT. C IdModxEm ^ IdModldModT. = IdModT. 

by Proposition 13.151 (i). 

Suppose that IdModT, D CIdCModT,. Then we have 

^ CIdCModxcm = CIdCModT. C IdModT 

because of CModE = ModxEl^ = Modx^lxEM = CModxE^ 
(Proposition 13.131) . 

In order to show that the imphcation 

C IdModT =^ IdModT = CIdCModT 

is in general not true we consider the type (2) and the coloration C of 
W(2){X) from Example 13.111 Moreover let S C Wr{XY be defined as 
in Example 13. Ill Then we have 

x^[xE[n] = xE[n^idModxE[n. 

On the other hand we have 

CIdCModxcm = CIdCModT = CldVns = S 

and 

IdModxcm = IdCModT = IdVns 7^ S. 
This shows that indeed ^ IdModxcl^ but IdModxci^ ^ 

CIdCModxc[^■ 

(ii) : This implication is clear since XcP] — Xc l-^^^^*^^] • 

In order to show that the converse direction is in general not true we 
consider the type (2) and the coloration C of W(2){Xy' from Example 
13.111 Moreover let E C Wr{X) be defined as in Example 13. Ill Then 
we have = X^ ^ IdModx^- 

On the other hand we have IdModxc^] = IdVus- Further we have 
X «i e Xci^dVus]- Since x ^ IdVns we have Xci^d-VHs] 2 

IdVns and thus 

X^c[IdModx^c[n] = XclIdVus] 2 IdVns = IdModx^m 

(iii) : Suppose that ModldK = CModCIdK. Then we have Xcf-^] — 
ModIdxc[K] C CModCIdK = ModldK by Proposition [3l5] (i). 

In order to show that the converse implication is in general not true 
we consider the type (2) and the coloration C of W(2) {X) from Example 
ICTl Then we have Xci^Hs] = Vhs ^ ModldVus- 
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On the other hand we have 

CModCIdVns = ModCIdVns 
= Mod{w \ w e W^2){X)} = Alg(2) ^ Vhs = ModldVns 
(see proof of Proposition 13.151 (i)). 



The following example shows once more that {Xc^ Xc) does not form a 
conjugate pair. 

Proposition 6.3. If r = {ni)i^i with Uk > 2 for some k E I then 
there are a coloration C ofWr{X), terms s, t E Wr{X), and a multi- 
hyper substitution p G Hypi^r)^ and an algebra A of type r such that 



is not valid. 

Proof: We will show that for the free algebra JF^(X) of type r over 
an alphabet X there coloration C of Wr{X) and some s,t G 

Wr{X) and an p G Hyp{T)^ such that p[s] ^ p[t] G IdJ^^{X) but 
s^ti Idp[J^r{X)]. 

Let k E I with > 2. We put s := fkifki^i, . . . , Xi),X2, ■ ■ ■ , X2) 
and t := fk{fk{xi, . . . , Xi),Xi, . . . , Xi) and we consider a coloration C 
of Wr{X) with the following properties: 

(i) as{j) = for all j G add{s), 

(ii) at{j) = for all j G add(t), 

(iii) = 1 for all j G add{fk{xi, . . . ,a;„J). 

Finally, let p G Hyp^ given by p(0) = a^^ and p(j) = a for j G N\{0}, 
where is defined by a^,.^ : /-,• — > xi for all j G / and a is defined by 
a : fj — > Xnj for all j G /. 



Then we have pc[s] = Pc[t] = 2^1- This shows that pc[s] ~ Pc[t] £ 



(iv): is clear. 



A 1= pc[s] ^ pc[t] 



p[A] 



\= s 



t 



On the other hand we have 



= x: 



.^r{X) 



Then the following holds: 



gP[:FriX)] (^x^^rf.2) 




{Xi, . . .,Xi),X2, 
. . .,Xi),X2, ...,X2) 
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and 

— Xrif, l^^jife . . . , Xi j, Xi, . . . , Xi j 

= Xi. 

This shows s^l-^-^^)] ^ tP^W)] and s ^ t ^ /rfp[J'^(X)]. ■ 

Example 6.4. In the next example we will determine a collection of 
colorations C of 14^(2) {X) such that all solid varieties of bands are C- 
colored solid. There are exactly three nontrivial solid varieties of bands: 
the variety RB of all rectangular bands, the variety NB of all normal 
bands, and the variety RegB of all regular bands (see 
We split the set 14^(2) (X) into two sets A and B: 

A := U{^(2)({w}) \ weX} and 
B:=W(^2){X)\A. 

By JF we denote the set of all mappings 

(3 : |J{{(t, a)\ae add{t)} \ te A} ^N. 

For /5 G we define a coloration C/3 = {af | t G 14^(2) (X)} as follows: 
For t G Vr(2)(X) and a G add{t) we put 

af (a) = 1 iftG5; 
af(a) = I3{t,a) iit e A. 

Then the varieties RB, NB, and RegB are C/3-colored solid. Indeed, 
let ^ be one of the varieties RB, NB, and RegB and let s ~ t G IdV. 
Further let p G Hyp{2)^. 

If s,t E A then there is a variable w G X such that s,t E W(^2){{u!}). 
(Otherwise the identity s ~ t provides the identity x ^ y because of the 
associative and the idempotent law.) Thus PCfil-^], Pcplt] ^ W^(2)({w^})- 
Because of the associative and the idempotent law pc"^ [s] ~ pcf^ [t] is an 
identity in V. 

If s,t G B then pc^jl-s] = p(l)['5] and Pc^lt] = p(l)M by Lemma 
12. 5[ Since V is solid, we have p(l)[s] ~ p(l)[^] G IdV and thus 

If s G A and t E B then there is a w G X such that s G W(^2){{'w}) . 
Since is a variety of bands we have PCflf-s] ~ w ~ p(l)[s]. By Lemma 
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12. 51 we have pc^aM = p(l)[^]) Since V is solid we have p(l)[s] ~ p(l)[^] G 
IdV and thus pc^ [s] ^ pc^ [t] G IdV. 

If s G i? and t & A then we get in a similar way that Pc^fs] ~ 

Pc,[t] e IdV. 

Example 6.5. We consider the following coloration C = {at \ t G 
W(2){X)} of W(2){X): for t G W(2){X) and a G add{t) we put 

at(a) = 1 if t = f{x,x); 
at{a) = 2 if t 7^ f{x,x). 

The varieties NB, and RegB are the only nontrivial C-colored 
solid varieties of semigroups. Indeed, by Example 16.41 RB, NB, and 
RegB are C-colored solid. 

Conversely, let be a C-colored solid variety of semigroups and 
p G Hyp{2)^ with 

p(l) = cTa; and p{i) = Cxy for 2 < i G N. 

Since V is C-colored sohd, V is sohd and thus V C Vhs, i-e. /(a;, x) ^ 
f{f{x,x),f{x,x)) G /(iV^. Then we have: 

X ~ p(l)[/(x, x)] ~ pc[/(a;, a;)] (by Lemma 12.51 ) 
~ pc[f{f{x,x),f{x,x))](y is C-colored solid) 

~ p(2)[/(/(a;,a;),/(x,a;))] (by Lemma E5]) 
~ fifix,x)J{x,x)) 
~ /(a;,x). 

This shows that is a variety of bands. But RB, NB, and RegB are 
the only nontrivial solid varieties of bands. 
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